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Hall viscosity is a dissipationless transport coefficient whose value is quantized in units
of the density in some topological phases and may be used as a measure of topological
order. I give an overview of the Hall viscosity, its relation to Hall conductivity in Galilean
invariant theories and its realization in effective theories.
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1. Introduction
The Hall viscosity,1,2 similarly to the Hall conductivity, is a dissipationless transport
coefficient that is allowed in two spatial dimensions when time reversal invariance
and parity are broken. While the Hall conductivity appears in the current, the Hall
viscosity is a term in the stress tensor.
The interest in the Hall viscosity is motivated by its topological nature. In certain
gapped systems such as Quantum Hall fluids and p-wave superfluids the value of
the Hall viscosity over the density is determined by the ‘orbital angular momentum
per particle’ or the shift, the change in magnetic flux when the system is put in
a sphere.4,5 Deformations that do not close the gap and that preserve rotational
invariance do not affect to the value of this ratio. Furthermore, a measurement of the
Hall viscosity can distinguish among different states with the same filling fraction,
which is measured using the Hall conductivity. In particular, the Hall viscosity can
be non-zero in charge neutral states where the Hall conductivity vanishes, so it
serves as an alternative characterization of topological order.
Even though it would be clearly interesting to measure the Hall viscosity, there
are no experimental results as yet. A difficulty compared to the Hall conductivity
is that time-dependent stresses are clearly more difficult to measure than static
currents. There is however hope to overcome this issue, in principle it is also pos-
sible to measure the Hall viscosity using inhomogeneous electric fields 6,7 or X-ray
diffraction by phonons.8
Besides these considerations, an interesting question in theoretical physics is
which systems have a quantized Hall viscosity over density ratio, and how it is
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determined. The relation to the orbital spin that was computed microscopically is
confirmed in effective theories of non-relativistic systems. Relativistic systems on
the other hand have proven to be more elusive, there is no known example where the
Hall viscosity is non-zero at zero temperature, but for some gauge/gravity models.
A closely related term has been found in the canonical energy-momentum tensor
in the presence of torsion (a non-symmetric affine connection).9,10 This term does
not appear in the symmetric energy-momentum tensor, but can be relevant in the
effective description of solids with dislocations and broken time reversal invariance.
The questions about the Hall viscosity remain as an interesting field that is still
open to exploration.
In this note I will give an overview of the subject, including some recent devel-
opments. I have tried to make a balanced presentation and be pedagogical. This
has forced me to omit many details in order to keep the length of the text within
reasonable bounds. There enters some personal bias, in general there is more space
dedicated to continuum effective theories and symmetries and less to microscopic
derivations, specially adiabatic calculations, which are nevertheless very important.
I hope the references provided will be sufficient to satisfy the interested reader.
There are probably other unintended omissions for which I apologize in advance. In
order to simplify notation I work with units ~ = c = e = kB = 1.
I will start in §2 by reviewing the definition of Hall viscosity. In §3 I will explain
the relation of the Hall viscosity to topological properties in Hall fluids and chiral
superfluids. In §4 I will present Kubo formulas for the Hall viscosity and its rela-
tion to Hall conductivity. In §5 I discuss the Hall viscosity in effective theories. I
summarize the main points in §6.
2. A non-dissipative viscosity
The main properties of the Hall viscosity and its physical effects in fluids can be
found in the early review Ref. 3. For completeness, we partly review them here as
well.
A small deformation parametrized by a displacement vector ξi, i = 1, . . . , d
produces a stress that depends on the strain ξij = ∂iξj + ∂jξi and the strain rate
ξ˙ij ≡ ∂tξij through the elastic modulus (λ) and viscosity (η) tensors
Tij = pδij − λijklξkl − ηijkl ξ˙kl. (1)
The first term is the pressure. For a fluid the only response to a strain is due to
changes of volume
λijkl = κ
−1δijδkl, (2)
where κ−1 is the inverse compressibility that determines changes in the pressure
with volume
κ−1 = −V ∂p
∂V
. (3)
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We will mostly deal with fluids. When time reversal invariance is not broken, the
viscosity tensor satisfies Onsager’s relations
ηijkl = ηklij , (4)
which for a rotationally invariant system allows only two possible transport coeffi-
cients, the shear (η) and bulk (ζ) viscosities
ηijkl = η(δikδjl + δilδjk) +
(
ζ − 2
d
η
)
δijδkl. (5)
When time reversal invariance is broken, as for instance if a background magnetic
field is turned on, the conditions (4) are relaxed and it is possible to have an ‘odd’
contribution to the viscosity1,2
η
(A)
ijkl = −η(A)klij . (6)
A peculiarity of the odd viscosity is that is dissipationless. The variation of the
energy density under a strain is
δε = −Tijδξij . (7)
Using the first law of thermodynamics δε = Tδs− pδV , with s the entropy density,
T the temperature and V the volume, the change of entropy with time becomes
T s˙ = ηijkl ξ˙ij ξ˙kl. (8)
Due to (6), the contribution proportional to the odd viscosity vanishes. This implies
that the odd viscosity can be non-zero even at zero temperature.
In general, η(A) = 0 if rotational invariance is not broken. However, for d = 2
spatial dimensions an odd viscosity is allowed if parity is also broken
η
(A)
ijkl = −
ηH
2
(ǫikδjl + ǫjkδil + ǫilδjk + ǫjlδik). (9)
We label this as Hall viscosity (although it may appear in systems without magnetic
fields). An alternative way to see that the Hall viscosity is non-dissipative is to use
a no-force condition. At finite density the value of the Hall conductivity can be
derived in this way. For a system with a current Jµ coupled to the electromagnetic
field Fµν , the conservation equation of the energy-momentum tensor is
∂αT
αµ = FµαJα. (10)
The no-force conditions are
EiJ
i = 0, n¯Ei = BǫijJ
j . (11)
Where we have written the expressions in terms of the magnetic field Fij = Bǫij
and the density J t = n¯. The first condition is satisfied if J i = σHǫ
jiEj . Plugging
this in the second condition one finds the classical value of the Hall conductivity
σH =
n¯
B
. (12)
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The Hall viscosity can be derived from a similar analysis, by coupling the system
to an external metric. The conservation equation of the energy-momentum tensor
changes to
∇αTαµ = ∂αTαµ + ΓααβT βµ + ΓµαβTαβ = FµαJα, (13)
where Γαµν are the Christoffel symbols. Let us do a small time-dependent geometric
deformation which preserves the volume. The spatial metric is changed to
gij = δij + hij(t), δ
ijhij = 0. (14)
Then, the no-force condition for Ei = 0 becomes
ΓtijT
ij = 0, T tkΓitk −BǫikJk = 0. (15)
In this case the current and the momentum can be set to zero T ti = J i = 0. The
general solution for the stress tensor is
T ij = pδij − 1
2
ηijkl∂thij , η
ijkl = −ηklij . (16)
The tensor η is the Hall viscosity. Note that in contrast to the Hall conductivity,
its value is not fixed by the no-force condition.
2.1. Relativistic Hall viscosity
The Hall viscosity can be generalized to relativistic theories. Aside from its intrinsic
interest, relativistic hydrodynamics in 2+1 dimensions can be used as an effective
description of graphene.11,12,13 A complete discussion of relativistic hydrodynamics
with parity-breaking terms can be found in Ref. 14,a we follow here some of their
notation. Let us define the three-velocity uµ, µ = 0, 1, 2 with components
u0 = γ, ui = γvi, (17)
where vi = ξ˙i, i = 1, 2 is the spatial velocity, and γ = 1/
√
1− v2. The three-velocity
is normalized so that it has unit norm respect to Minkowski’s metric with mostly
plus convention (η00 = −1, ηij = δij)
ηµνu
µuν = −1. (18)
The energy-momentum tensor of a relativistic fluid takes the form
T µν = (ε+ p)uµuν + pηµν + πµν , (19)
where ε is the energy density fluid and πµν contains higher derivative terms. In the
Landau frame, defined by the equation
T µνuν = −εuµ, (20)
aFor a recent discussion of non-relativistic parity-breaking hydrodynamics see Ref. 15.
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the first order derivative terms preserving Lorentz invariance and parity are the
relativistic shear and bulk viscosities
πµν = −ησµν − ζPµν∂αuα, (21)
where
σµν = PµαP νβ (∂αuβ + ∂βuα − Pαβ∂σuσ) , (22)
and Pµν = ηµν + uµuν is the projector transverse to the velocity.
The Hall viscosity term takes the form
πµνodd =
ηH
2
(
ǫµαβuασ
ν
β + ǫ
ναβuασ
µ
β
)
. (23)
In fact this is not the only possible term that can appear to first order in derivatives,
but other contributions are scalar (as the bulk viscosity) rather than tensor terms.
As in the non-relativistic case, the Hall viscosity is dissipationless because it does
not contribute to the divergence of the entropy current Jµs = su
µ. One can show
this easily. First, we project the conservation equation of the energy-momentum
tensor along the three-velocity:
0 = ∂µT
µνuν = −∂µεuµ−(ε+p)∂µuµ+ηH
2
(
ǫµαβuα∂µσ
ν
β uν + ǫ
ναβ∂µuασ
µ
β uν
)
+· · · .
(24)
The dots refer to the shear and bulk viscosity contributions. We now apply the first
law of thermodynamics,
ε+ p = Ts, dε = Tds, (25)
and we obtain the following expression for the divergence of the entropy current
T∂µ(su
µ) =
ηH
2
(
ǫµαβuα∂µσ
ν
β uν + ǫ
ναβ∂µuασ
µ
β uν
)
+ · · · . (26)
A bit of algebra shows that
ǫµαβuα∂µσ
ν
β uν = −ǫµαβuα∂µuλ∂λuβ + ǫµαλuα∂µuλ∂σuσ, (27)
ǫναβ∂µuασ
µ
β uν = −ǫµαβuα∂βuλ∂λuµ − ǫµαλuα∂µuλ∂σuσ. (28)
Adding the two terms we find that the contribution of the Hall viscosity to the
divergence of the entropy current vanishes.
3. Hall viscosity in topological phases
We have seen that the Hall viscosity is not dissipative, so it will generically be
non-zero in (2+1)-dimensional systems where parity and time-reversal symme-
try are broken, even at zero temperature. In the classification of weakly coupled
systems,16,17 there are three possible subclasses of topological systemsb that we
have grouped in table 1.
bIn principle only time reversal symmetry and particle-hole symmetry are used, a more refined
classification taking into account parity can be found in Ref. 18.
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Class PHS Spin
A 0 -
C +1 singlet
D -1 triplet
Table 1: Classes of two-dimensional topologi-
cal insulators/superconductors with broken time reversal invariance
according to particle-hole symmetry (PHS). 0 means no symmetry
and ±1 are different realizations of the symmetry. For the classes C
and D, PHS distinguishes whether the Cooper pair is a spin singlet
or triplet.
• Type A: Quantum Hall (non-zero magnetic field B) and Chern insulator
(zero magnetic field)19 enter in this category.
• Type C: d-wave superfluids/superconductors (dx2−y2 + idxy)21,22,23.
• Type D: Chiral superfluids/superconductors (px ± ipy)20.
In interacting systems the Integer Quantum Hall phase generalizes to fractional
phases and chiral p- and d-wave superfluids can in principle be generalized to anyon
superfluids with fractional orbital angular momentum.
The calculation of the Hall viscosity for free electrons in a magnetic field with
completely filled Landau levels was carried out in Refs. 2, 24, and later extended
in Refs. 4, 5 to fractional Hall systems and chiral and anyon superfluids (see also
Refs. 25, 26, 27, 28).
The usual approach is to compute the value of the Hall viscosity by deforming
adiabatically the geometry. Small geometric deformations ξi can be associated to
small changes of the metric,
gij = δij + hij , hij = ∂iξj + ∂iξj . (29)
Then, to linear order, the stress tensor receives a contribution proportional to the
Hall viscosity
T ij ⊃ ηH
2
(ǫikh˙jk + ǫ
jkh˙ik). (30)
In the quantum theory the stress tensor is computed from variations of the energy
with respect to the metric
Tij = 2
〈
∂H
∂gij
〉
. (31)
Using the adiabatic approximation, the variation of the Hamiltonian has two con-
tributions to leading order
〈
∂H
∂gij
〉
=
∂E
∂gij
− Ωijklh˙kl. (32)
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The first is the change of the energy of the ground state under the deformation, the
elastic modulus tensor is obtained simply by picking the linear term in the metric
V λijkl = −4 ∂
2E
∂gij∂gkl
. (33)
The second term is the adiabatic or Berry curvature,
Ωijkl = i
[
∂
∂gij
〈
ψ
∣∣∣ ∂
∂gkl
ψ
〉
− ∂
∂gkl
〈
∂
∂gij
ψ
∣∣∣ψ
〉]
. (34)
that is non-trivial if the phase of the state |ψ〉 changes along a closed path in the
space of deformations. In Ref. 5 it was argued that the non-zero Hall viscosity is
associated to orbital (or ’intrinsic’) angular momentum. If we do two shear deforma-
tions that preserve the area, the final state differs from the original one by a rotation.
If the wavefunction is an eigenstate of angular momentum, the wavefunction gets
multiplied by a phase that depends on the spin of the state.
The result of the adiabatic calculation was that the Hall viscosity is proportional
to the average density of particles and an average orbital angular momentum s¯ per
particle (for instance, for a chiral p-wave superfluid s¯ = 1/2)
ηH =
1
2
s¯n¯. (35)
For Quantum Hall systems the average density is determined by the filling fraction
ν and the magnetic length ℓB = 1/
√
B
n¯ =
ν
2πℓ2B
. (36)
In known examples the orbital angular momentum is related to a topological quan-
tity, the shift S = 2s¯. The shift determines the number of particles N in terms of
the number of flux quanta Nφ when the system is put on a sphere
29 c
Nφ = ν
−1N − S. (37)
For rational values of ν, this implies that S is a rational number as well. We show
the values of the filling fraction and the shift for several topological states in Table 2.
If rotational and translational invariance are not broken the shift cannot change
continuously, hence it is topologically protected. Otherwise there is no fixed rela-
tion between Nφ and N one can use, although in Ref. 31 it has been argued that
translational invariance is enough to determine the Hall viscosity.
3.1. Torsional Hall viscosity and Chern insulators
Compared to systems with Galilean invariance, calculations of Hall viscosity at zero
temperature in relativistic systems are scarce. An example studied in Refs. 9, 10 is
a Chern insulator modelled as a free massive Dirac fermion.
cFor a system like the chiral superfluid ν−1 = 0.
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ν S
(px + ipy) chiral superfluid - 1/2
(dx2−y2 + idxy) chiral superfluid - 1
N th Landau level filled 1 2N + 1
N first Landau levels filled N N
Laughlin 1/q q
Read-Rezayi30 k/(Mk + 2) M + 2
Table 2: Values of the filling fraction ν and shift S for different
topological states. N , N , q, k, M are all positive integers.
The generalization of (30) to a relativistic system is a term in the symmetric
energy-momentum tensor
T µν ⊃ −ηH
2
(ǫµαβ∂αh
ν
β + ǫ
ναβ∂αh
µ
β). (38)
However, this term vanishes for a Dirac fermion. Coupling a Dirac fermion to the
metric produces parity-breaking terms that are at least third order in derivatives. 32
Since the Hall viscosity is of first order, it is zero for this system. It is important to
emphasize that the definition of ηH given above refers specifically to the symmetric
tensor.
There is however a related quantity which enters as a ‘Hall viscosity’ in the
canonical energy-momentum tensor. We will dub it as ‘torsional Hall viscosity’ for
reasons that will be clear below. For a small change of the metric,
gµν = ηµν + hµν , (39)
the canonical energy-momentum tensor picks up a term of the form
T µcan ν ⊃
ζH
2
ǫµαβ∂αhβν . (40)
The symmetrized energy-momentum tensor can be obtained from the canonical one
by adding an improvement term
T µν = T
µ
can ν +∇αΨαµν , Ψαµν = −Ψµαν . (41)
The improvement term is defined in terms of the spin current Sαµν as
Ψαµν = −Sαµν + S αµ ν + S αν µ. (42)
There is a term related to the torsional Hall viscosity that contributes to the spin
current
Sαµν ⊃ −
ζH
4
(
ǫαβνhµβ − ǫαβµhνβ
)
. (43)
This cancels exactly the torsional Hall viscosity term in the canonical energy-
momentum tensor when we compute the symmetrized tensor. A similar observation
was made in Ref. 33 for the effective action of non-dissipative fluids. The original
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definition of the Hall viscosity ηH refers to the symmetric energy-momentum ten-
sor, so strictly speaking the torsional Hall viscosity is different from the usual Hall
viscosity ζH 6= ηH (for the Dirac fermions ηH = 0 and ζH 6= 0).
Even though there is no contribution to the symmetric tensor, it was proposed
in Refs. 9, 10 that the canonical energy-momentum tensor can be interpreted as a
‘stress current’ in a generalized theory of elasticity.36,37 The fact that the stress
tensor and the spin current are not independent can be seen from the point of view
of a condensed matter system as a consequence of spin-orbit coupling. A related
approach is the calculation in lattice models of the effective phonon action.8 Coupled
to a fluid with a non-zero Hall viscosity, the low-energy effective action for the
displacement field ξi receives a contribution of the form
S ⊃
∫
d3x ηijkl∂iξj∂k ξ˙l. (44)
The coefficient ηijkl computed using the adiabatic approximation is proportional to
(9), but it also depends on parameters of the lattice. It was suggested in Ref. 8 that
the ‘phonon Hall viscosity’ could be measured in X-ray diffraction experiments.
Coming back to the Chern insulator, the calculation of the stress current was
made by coupling the fermions to a background frame field (vielbein) e Aµ , A = 0, 1, 2
and spin connection ω ABµ .
d The physical interpretation is that in a crystalline
material the vielbein determines the geometry of the unit cell at a lattice site,
while the spin connection also carries information about dislocations in the lattice
(torsion). The coupling of the Dirac fermion to these fields is
S =
∫
d3x |e|ψ¯ (e µA γADµ −m)ψ, (45)
where e Aµ is the inverse vielbein, |e| the determinant, and the covariant derivative
is defined as
Dµψ =
(
∂µ − 1
4
ωABµ γAB
)
ψ, γAB =
1
2
[
γA, γB
]
. (46)
One can then determine the Hall viscosity coefficient by a generalization of the
Berry curvature calculation or by a one-loop calculation of the two-point function
of the stress current. The result is divergent, so a proper regularization needs to be
introduced. The finite result turns out to be9,10
ζH = qT
m2
2π
1− sign(m)
2
, (47)
where qT is the coupling of the fermion to the torsion field (hidden in the spin
connection in (46)). Because of the divergences that appear in the calculation, in
Ref. 10 it is suggested that one should see this result as the difference between
the Hall viscosities of the normal and topological insulator, while the total value
dThe orthogonal frame formulation of general relativity can be found in several books, e.g. Refs. 38,
39, 40
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depends on the details of the microscopic theory and is not universal. An universal
term does appear at higher order, shifting the value of (47) by a term proportional
to the curvature10
ζH → ζH + 1
48π
1− sign(m)
2
R. (48)
The difference in the value of ζH in different phases produces an anomaly in
the effective 1+1 theory at the boundary between them. Physically, the anomaly
produces a spectral flow where the energy of the states gets rescaled according
to their momentum (zero momentum states are fixed points of the spectrum). The
spectral flow can be achieved for instance if the system has the geometry of a cylinder
and the radius of the cylinder is changed adiabatically by introducing dislocations.
Note that the difference with the spectral flow driven by the chiral anomaly, where
the spectrum is shifted uniformly and there are no fixed points.
A related model to the relativistic Chern insulator where both ζH 6= 0 and
ηH 6= 0 is the anisotropic (nematic) Chern insulator studied in Ref. 34. The model
consists of interacting fermions with non-relativistic d-wave symmetric dispersion
relation in 2+1 dimensions. The system can be in an anisotropic gapped phase
characterized by a nematic order parameter Qµν , with Q0µ = 0 and η
µνQµν = 0.
The effective action after integrating out the fermions depends on the effective
metric
gµν = ηµν +
1
2m
Qµν . (49)
Where m is the mass of the fermions in the gapped phase. The effective action
contains a term of the form
Leff = − m
16π
δklǫijgik∂0gjl, (50)
which introduces a Hall viscosity term for the effective metric. The coefficient is
obtained from a Berry phase calculation. The effects of torsion were also studied
by coupling the fermions to background vielbeins. It was found that there is a non-
universal (cutoff dependent) torsional Hall viscosity ζH . A similar term proportional
to the Hall viscosity appears in the nematic Hall fluid of Ref. 35. Both models are
non-relativistic, we will discuss later some examples of relativistic models where
ηH 6= 0, but those will not correspond to topological phases.
4. Kubo formulas in Galilean invariant systems
The viscosity can also be derived using linear response theory. The coefficients
that determine the response of the system to external sources are obtained from
correlation functions of the system in the absence of sources. The relation between
the coefficient and the correlator is the Kubo formula. A careful derivation of the
Kubo formulas for conductivities and viscosities in systems with Galilean invariance
was made in Ref. 7. A Kubo formula for the Hall viscosity in a relativistic theory
was given in Ref. 41.
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Let us review the main steps. We introduce an external gauge field Aµ that
couples to the number current and density and an external metric gij . The current
and stress tensor in the presence of general sources are obtained from the partition
function Z[Ai, gij ] (or the Hamiltonian) by taking a variation with respect to the
sources
Jµ =
∂
∂Aµ
logZ, Tij = 2√
g
δ
δgij
logZ. (51)
Expanding around Aµ = 0 and gij = δij , the current and the energy-momentum
tensor receive contributions of the form
Ji = σijEj = − n¯
m
Ai + σ
0
ijEj + · · · , (52)
Tij = pδij − 1
2
κ−1δijδklhkl − 1
2
ηijklh˙kl + · · · , (53)
where Ei = ∂tAi − ∂iAt and σ0 is the conductivity minus the diamagnetic term.
The dots denote possible higher derivative terms. The first term in the current
is the diamagnetic current, a contact term in the correlator that can be seen as
coming from quadratic terms ∼ A2i in the action. The term proportional to the
inverse compressibility in the stress tensor has a similar origin. We have assumed
that the ground state in the absence of sources is isotropic and homogeneous. Other
than that, the derivation is very generic, and can be applied to systems at nonzero
temperature and density. We can identify the coefficients of the sources in the
current and stress tensor with the conductivity and the viscosity. We can then
obtain the conductivity and viscosity by taking a second variation with respect to
the sources. This relates them to the retarded two-point functions of the current and
the stress tensor. We will give the Kubo formula for the conductivity in frequency
and momentum space (by considering the conductivity at non-zero momentum we
are taking into account higher derivative terms in the expansion of the current):
σij(ω,q) = − in¯
mω+
δij +
i
ω+
GRij(ω,q). (54)
Where ω+ = ω+ iǫ, with ǫ→ 0+ corresponding to a retarded response. The Fourier
transform of the retarded correlator of the current is defined as
GRij(ω, q) =
∫
dt
∫
ddx eiω
+t−iq·x iΘ(t) 〈[Ji(t,x), Jj(0,0)]〉 . (55)
Due to the diamagnetic term, the real part of the conductivity has a delta-function
singularity at zero frequency since
1
ω+
= P 1
ω
− iπδ(ω), (56)
where P is the principal part. This may be avoided if translation invariance is broken
for instance by scattering with impurities.
The Kubo formula for the viscosity is
ηijkl(ω,q) =
i
ω+
GRijkl(ω,q), (57)
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where the Fourier transform of the retarded correlator of the stress tensor is defined
as
GRijkl(ω,q) =
∫
dt
∫
ddx eiω
+t−iq·x iΘ(t) 〈[Tij(t,x), Tkl(0,0)]〉 . (58)
Note that the full response χijkl obtained from the second variation of the partition
function includes a contact term proportional to the inverse compressibility
χijkl =
iκ−1
ω+
δijδkl + ηijkl. (59)
A quantum Hall fluid is incompressible under changes of volume at fixed magnetic
field and particle number, but we are interested in the response of the system at
fixed filling fraction rather than magnetic field. Given the relation between the filling
fraction and the magnetic field
ν =
2πN
BV
, (60)
if we make a dilatation that changes the volume by a factor λ, the change in the
magnetic field should compensate the dilatation
V → λV, B → B/λ. (61)
Therefore,
dV
V
= −dB
B
. (62)
The total energy E = V ε(ν,B) is related to the pressure through the thermody-
namic relation dE = −pdV . Dividing by the volume and using (62) we find,
p(ν,B) = B
(
∂ε
∂B
)
ν
− ε. (63)
Therefore, ‘internal’ compressibility is
κ−1(ν,B) = −V
(
∂p
∂V
)
ν
= B
(
∂p
∂B
)
ν
= B2
(
∂2ε
∂B2
)
ν
. (64)
4.1. Galilean invariance, viscosity and conductivity
In a Galilean invariant system where all particles have the same charge and mass,
the momentum density T ti and the current are proportional to each other
T ti = mJ i. (65)
This can be used to derive some relations between the conductivity and the viscosity,
and in particular between their Hall components. The original derivation was made
in Ref. 6 using symmetries of the effective action. A more complete derivation from
the microscopic point of view that keeps all possible contributions was made in
Ref. 7. Another derivation for fermions in Landau levels was given in Ref. 76. It
was shown there that the contribution proportional to the Hall viscosity can be
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understood semiclassically as produced by shear deformations of cyclotron orbits.
Here we will follow a more heuristic derivation and focus only on the parity breaking
components.
The momentum conservation equation in the presence of an external magnetic
field Fik = ∂iAk − ∂kAi is (we set the charge equals to one)
∂tT
ti + ∂kT
ki = F itJ
t + F ikJ
k. (66)
Together with (65), the stress tensor and the current are related by the equation
∂kT
ki =
(
F itJ
t + F ik −mδik∂t
)
Jk. (67)
We will now use that Fik = Bǫik, F
i
t = −Ei and the definition of the cyclotron
frequency ωc = B/m to write the Fourier transformed equation as
qkTki = iEiJ
t +m (ωδik − iωcǫik)Jk. (68)
The inverse of this relation is
Ji =
1
m
ωδil + iωcǫil
ω2 − ω2c
(−iElJ t + qkTkl), (69)
which is Kohn’s theorem:42 the motion of the center of mass of the fluid has a
cyclotron resonance at ω = ωc which is protected by Galilean invariance.
At the level of correlation functions (68) is manifested as a set of Ward identities.
A Ward identity for the correlator between the current and the stress tensor can be
found by taking a variation of (68) with respect to the gauge field Al and setting
the sources to zero.
qk 〈TkiJl〉+ δp
δAl
qi = in¯ωcǫil +m(ωδik − iωcǫik) 〈JkJl〉 . (70)
Where we have used that 〈J t〉 = n¯, 〈Tij〉 = pδij when the sources are set to zero.
The variation of the pressure gives a term proportional to the inverse compressibility
given in (64)
δp
δAi
=
κ−1
B
iǫkiqk. (71)
A similar Ward identity exists for the stress-stress correlator, if we take a variation
of (69) with respect to the inverse metric gni
1
2
qkqn 〈TkjTni〉+ δp
δgni
qjqn + pq
2δij = m(ωδjl − iωcǫjl)qn 〈JlTni〉 . (72)
Combining the two identities we find
1
2
qkqn 〈TkjTni〉+ δp
δgni
qjqn + pq
2δij
= m(ωδjl − iωcǫjl)
[
−κ
−1
B
iǫnlqnq
i − in¯ωcǫil +m(ωδik + iωcǫik) 〈JlJk〉
]
.
(73)
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The correlator of stress tensors is proportional to the viscosity,
〈TkjTni〉 = −iωηkjni, (74)
while the correlator of the currents is proportional to the conductivity
〈JlJk〉 = −iωσlk + n¯
m
δlk. (75)
Multiplying (73) by i/(2ω) and contracting with ǫji,
1
4
ǫjiqnqkηkjni = mωcn¯− κ
−1
2ωc
q2 − (mωc)2σH +O(ω, q4), (76)
where we have defined
σH =
1
2
ǫjiσ
ij . (77)
Then, solving for σH and using the expression for the Hall viscosity (9),
σH =
n¯
mωc
+
q2
2(mωc)2
[
ηH − κ
−1
ωc
]
+O(q4). (78)
The first term is the usual Hall conductivity, while the second term is an O(q2)
correction depending on the Hall viscosity and the inverse compressibility. An inter-
esting consequence is that one could then set an experiment where inhomogeneous
electric fields are used to measure the Hall viscosity from the generated current, in
principle an easier task than measuring it through stresses.
In a system where there is no magnetic field, the Kubo formula is changed to7
σH(ω) =
q2
mω2
ηH(ω) +O(q
4). (79)
In particular, the static Hall conductivity vanishes at zero momentum.
5. Hall viscosity in effective theories
Effective theories are useful descriptions at low energies. They capture the relevant
dynamics and symmetries of the system in a simpler fashion than in the full micro-
scopic theory. Corrections to the effective theory can be computed systematically up
to some energy scale where the effective description breaks down. If parity and time
reversal invariance are broken, we expect the Hall viscosity to be captured by the
effective description. In a very rough way we can classify those systems according
to their spectrum:
• Fully gapped systems: such as integer and fractional Hall states, that can
be viewed as incompressible fluids. For these systems one can integrate out
completely all the degrees of freedom, and work with a local generating
functional depending on the external sources. Other possible candidates
are topological insulators with broken parity and time reversal invariance.
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• Partially gapped systems: as for instance chiral or anyon superfluids, where
a few degrees of freedom (the Goldstone bosons) remain massless. In order
to correctly capture the low energy behaviour of the system one should
include the massless degrees of freedom in the effective description, coupled
to external sources.
• Gapless systems: generically fluids at finite temperature. The effective the-
ory is hydrodynamics, but since the Hall viscosity is dissipationless it should
be possible to capture it with a theory of dissipationless fluids. In this case
we would expect that there is an effective action for the fluid that captures
the Hall viscosity.
5.1. Sources and symmetry transformations
The common strategy is to find the dependence of the effective action on external
sources for the current and the energy-momentum tensor. These are background
gauge fields Aµ and metric gµν . The current and energy-momentum tensor are
computed from the partition function Z [Aµ, gµν ] by taking variations with respect
to the sources
Jµ =
δ
δAµ
logZ, T µν = − 2√−g
δ
δgµν
logZ. (80)
In the presence of external sources the global symmetries of the theory can be
enhanced to local symmetries under which the partition function is invariant. This
imposes strong constraints in the form of the effective action.
Instead of using the metric as external source, it is sometimes more convenient
to work with the vielbeins e Aµ , A = 0, 1, 2 and the spin connection ω
AB
µ that we
introduced in § 3.1. In non-relativistic theories we will restrict to spatial vielbeins
e ai , a = 1, 2 and metric. Geometrically the vielbeins are local changes of basis
between the coordinate frame and an orthogonal frame. The spin connection deter-
mines how the orthogonal frame rotates under parallel transport. As was mentioned
before a possible interpretation in a crystalline solid is that the vielbeins describe
the geometry of the unit lattice at different lattice sites.
The expressions of the metric and spin connection in terms of the vielbeins are
relativistic gµν = ηABe
A
µ e
B
ν , ω
AB
µ = η
ACe νC ∇µe Bν , (81)
non− relativistic gij = δabe ai e bj , ωµ =
1
2
ǫabe
a i∇µe bi . (82)
The covariant derivative ∇µ is defined with the connection Γ,
∇µe Aν = ∂µe Aν − Γσµνe Aσ . (83)
We will usually take Γ to be the Levi-Civita connection, but in some cases we
will allow a torsion component Γσµν − Γσνµ 6= 0 as well. Note that, under local
O(2) rotations δe ai = λǫ
a
be
b
i , ωµ transforms like an Abelian gauge potential ωµ →
ωµ−∂µλ. In fact we can interpret the spin connection as the gauge field for rotations
of the orthogonal frame indices.
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A theory coupled to the gauge field and metric should be invariant under gauge
transformations α and diffeomorphisms ξµ. Under an infinitesimal transformation
the sources change as
δAµ = −∂µλ− LξAµ = −∂µλ− ξα∂αAµ − ∂µξαAα, (84)
δgµν = −Lξgµν = −ξα∂αgµν − ∂µξαgαν − ∂νξαgµα. (85)
If we work with vielbeins and spin connection, we also should take into account
local frame rotations λAB. The transformation of the sources is
δe Aµ = λ
A
Be
B
µ − Lξe Aµ = λABe Bµ − ξα∂αe Aµ − ∂µξαe Aα , (86)
δωABµ = −DµλAB − LξωABµ =
− ∂µλAB + λACωCBµ + λBCωACµ − ξα∂αωABµ − ∂µξαωABα . (87)
So far these transformations are valid for relativistic systems. Their non-relativistic
counterparts were introduced in Ref. 43 to constrain the effective theory of unitary
Fermi gases.44 Later they were extended for Hall systems in Ref. 6. In Ref. 45 they
were formulated in the context of Newton-Cartan theory and extended to take into
account a non-zero electron spin g-factor. The transformation of the gauge field and
spatial metric are
δAt = −λ˙− ξk∂kAt −Ak ξ˙k + g
4
εij∂i(gjk ξ˙
k), (88)
δAi = −∂iλ− ξk∂kAi −Ak∂iξk −mgikξ˙k, (89)
δgij = −ξk∂kgij − gkj∂iξk − gik∂jξk. (90)
Where εij = ǫij/
√
g, g is the spin g-factor (g ≃ 2 for electrons in vacuum) and
m is the mass of the particles. Note that the gauge field changes inhomogeneously
under Galilean boosts ξi = vit. This is to compensate the change in the electronic
wavefunction, that transforms as a projective representation of the Galilean group
Ψ(t,x)→ e−imv·x+im v
2
2
tΨ(t,x− vt). (91)
The transformations of the spatial vielbeins and non-relativistic spin connection are
δe ai = λǫ
a
be
b
µ − Lξe ai = λǫabe bi − ξk∂ke ai − ∂iξke ak , (92)
δωt = −λ˙− ξk∂kωt − ξ˙kωk − εij∂i(gjk ξ˙k), (93)
δωi = −∂iλ− Lξωi = −∂iλ− ξk∂kωi − ∂iξkωk. (94)
The inhomogeneous transformations of the At and ωt components of the gauge
field can be compensated with the help of the magnetic field density B = εij∂iAj
(εij = ǫij/
√
g). We define the corrected gauge potential and spin connection as
A˜t = At +
g
4
B, (95)
ω˜t = ωt − B
m
. (96)
In the Newton-Cartan formalism it is also possible to correct the gauge potential
Ai with the help of a velocity vector.
45
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5.2. Integer and fractional Hall states
We will start with quantum Hall states of systems with Galilean invariance and
made up of particles of the same charge/mass ratio. Quantum Hall states have an
effective hydrodynamic description as incompressible fluids (for constant magnetic
field).46,47,45 As they are gapped states, by integrating out the velocity field one can
capture the response to external sources with a local functional. We will construct
this local functional by employing the formalism of nonrelativistic diffeomorphism
invariance.43,6 A generalization of this analysis to relativistic theories was made
very recently in Ref. 74.
To organize a derivative expansion, one needs a power-counting scheme with
a small parameter. There is an ambiguity in choosing the scheme, as the time
derivative ∂t and spatial derivatives can be chosen to be independent expansion
parameters. For definiteness, we use the following scheme. All quantities will be
regarded as proportional to some powers of a small parameter ǫ, times some powers
of ωc and ℓB. The external fields are assumed to vary slowly in space and time,
∂i ∼ ǫℓ−1B , ∂t ∼ ǫ2ωc. (97)
As for the magnitude of external perturbations, we assume
δAt ∼ ǫ0ωc, δAi ∼ ǫ−1ℓ−1B , δgij ∼ 1. (98)
In this scheme, we allow for order one variations of the metric, the magnetic field
(δB ∼ ǫ0ℓ−2B ) and the chemical potential (At). Two important ingredients in our
construction of the effective field theory are the Chern-Simons action and the Wen-
Zee action. The Chern-Simons action is
SCS =
ν
4π
∫
dt d2x ǫµνλAµ∂νAλ , (99)
and is of order ǫ0 in our power counting scheme. This will be the leading term in
the effective action. To construct the Wen-Zee action, we use the spin connection.
By using ωµ we can construct the following gauge invariant action
SWZ =
k
2π
∫
dt d2x ǫµνλωµ∂νAλ. (100)
This action is of order ǫ2 in our power counting scheme and has to be included if
we work to that order. The ωdω Chern-Simons term, on the other hand, is of order
ǫ4 and will not be considered.
The coefficient k is related to the shift S. Indeed, ∂1ω2 − ∂2ω1 = 12
√
gR where
R is the scalar curvature. Integrating by parts, the Wen-Zee action contains a term
k
2π
ǫµνλωµ∂νAλ ≃ k
4π
√
g AtR+ · · · (101)
which gives a contribution to the particle number density that is proportional to
the scalar curvature. If the quantum Hall state lives on a closed two dimensional
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surface, then the total number of particles is
Q =
∫
d2x
√
g J t =
∫
d2x
√
g
(
ν
2π
B+
k
4π
R
)
= νNφ+kχ (102)
where Nφ is the total number of magnetic fluxes and χ is the Euler character (χ = 2
for a sphere). Comparing to the definition of S in Ref. 29, we find k = 12νS.
The Wen-Zee action gives rise to Hall viscosity. Expanding the WZ term to
quadratic order, one finds, among other terms,
SWZ = − kB
16π
ǫijδgik∂tδgjk + · · · (103)
which implies the presence of an odd term in the stress tensor two point function,
or Hall viscosity. The value of the Hall viscosity is ηH = kB/4π =
1
4Sn¯.
It is straightforward to verify that both SCS and SWZ are not invariant under
non-relativistic diffeomorphisms, and need to be corrected. For simplicity we will
restrict to the case g = 0. To order O(ǫ2), the most general effective action can be
written as S =
∫
dt d2x
√
g
∑5
i=1 Li, where Li (i = 1, . . . , 5) are five independent
general diffeomorphism invariant (to order ǫ2) terms6
L1 = ν
4π
(
εµνλAµ∂νAλ +
m
B
gijEiEj
)
, (104)
L2 = k
2π
(
εµνλωµ∂νAλ − 1
2B
gij∂iBEj
)
, (105)
L3 = −ε(B) + m
B
ε′′(B)gij∂iBEj , (106)
L4 = −1
2
K(B)gij∂iB ∂jB, (107)
L5 = Rh(B), (108)
where ε(B), K(B), and h(B) are functions of B. The function ε(B) has the phys-
ical meaning of the energy density of the quantum Hall state as a function of the
magnetic field B, L4 and L5 do not enter the quantities of of our interest. The next
to leading order term in L1 enforces compliance with Kohn’s theorem. The two-
point function of the electromagnetic current Jµ is obtained by taking the second
derivative of the effective action with respect to Aµ, then setting perturbations to
zero. Equivalently we can differentiate the effective action once with respect to the
external fields to get the current. We find, in flat space
J i =
ν
2π
ǫjiEj +
1
B
[
k
4π
−mε′′(B)
]
ǫij∂j(∇·E) + · · · (109)
where · · · refers to term that vanish when the magnetic field is not perturbed. This
reproduces the relation between Hall conductivity and viscosity that we discussed
previously (78).
We have constructed the first terms of the effective action using purely symmetry
arguments. An actual calculation of the effective action that confirms these results
was made in Ref. 75 by integrating out free non-relativistic fermions in Landau levels
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in the presence of a background metric and gauge fields. The analysis goes beyond
what has been presented here, in Ref. 75 it was also computed the coefficient of the
gravitational Chern-Simons ωdω, which contributes to the first curvature correction
to the Hall viscosity.
5.3. Chiral and anyon superfluids
We now study systems with a few massless degrees of freedom at low energies
separated by a gap from other excitations, in particular superfluids with broken time
reversal invariance, such as the p-wave superfluid state of thin films of 3He-A.48,49
Galilean invariant effective actions of chiral superfluids and anyon superfluids were
constructed in Ref. 50 and Refs. 51, 52. Their extension to incorporate invariance
under non-relativistic diffeomorphisms has been made in Ref. 53.
The low energy effective theory consists of a single gapless Goldstone mode in
the spectrum, coupled to external sources. In the case of the chiral superfluid there
is a p-wave condensate of the form
∆ = (px ± ipy)∆ˆ. (110)
Where ∆ˆ is real. A SO(2)V rotation would change the value of the condensate by
a phase, since
(px ± ipy)→ e±iλ(px ± ipy). (111)
A U(1)N transformation also changes the value of the condensate by a phase
∆ˆ→ e2iα∆ˆ. (112)
Therefore the symmetry group of spatial rotations and particle number is broken
to a diagonal symmetry SO(2)V × U(1)N → U(1)D. Associated to the broken
generator there is a Goldstone boson θ. Its transformation under SO(2)V and U(1)N
symmetries is
δθ = −α± 1
2
λ. (113)
The sign is determined by chirality of the ground state. Under the spatial diffeo-
morphisms described in subsection 5.1, the Goldstone boson transforms as a scalar
δξθ = −ξk∂kθ. (114)
Without referring explicitly to the condensate, one can generalize the Goldstone
field to cases with different orbital angular momentum 2s¯. The Goldstone field then
transforms as
δθ = −ξk∂kθ − α− s¯λ. (115)
For a chiral superfluid with pairing in the ℓth partial wave the value is s¯ = ±ℓ/2.
More general values of s¯ are also possible. For anyon superfluids with a fractional
statistical phase51,52
Θ = π
(
1− 1
ℓ
)
, (116)
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the value of s¯ is
s¯ =
1
2
(
ℓ− 1
ℓ
)
. (117)
For ℓ > 1 the orbital angular momentum of the anyon superfluid is fractional.
When ℓ = 1 the anyon becomes a boson (scalar) and is neutral under SO(2)V
transformations.
In order to construct an invariant action, we define a covariant derivative given
by
Dνθ ≡ ∂νθ − A˜ν − s¯ω˜ν . (118)
Where θ is the Goldstone field, ω˜t and A˜t are given in (95) and ω˜i = ωi, A˜i = Ai.
With the help of the covariant derivative we can construct the following scalar under
non-relativistic diffeomorphisms
X = Dtθ + g
ij
2
DiθDjθ. (119)
We have set m = 1 for simplicity. Then, the leading order action of the Goldstone
field θ is
S[θ] = −
∫
dtd2x
√
gP (X) , (120)
The superfluid ground state has a finite density, that we characterize by the chemical
potential µ. In the effective action it enters as a background value for the Goldstone
field, that is decomposed as
θ = µt+ ϕ (121)
with ϕ standing for a phonon fluctuation around the ground state. This allows to
identify the function P (X) in (120) with the thermodynamic pressure as a func-
tion of the chemical potential µ at zero temperature. Time reversal and parity act
nontrivially as
T : t→ −t, θ → −θ, Ai → −Ai, ωt → −ωt;
P :x1 ↔ x2, A1 ↔ A2, ωt → −ωt, ω1 ↔ −ω2.
(122)
For a fixed s¯ 6= 0, the effective theory (120) is not separately invariant under time
reversal T or parity P . On the other hand, PT is a symmetry of the theory for any
value of s¯.
By introducing the superfluid density n¯ ≡ dP/dX and the superfluid velocity
vj ≡ Djθ the nonlinear equation of motion for the Goldstone field can be written
in the general covariant form
1√
g
∂t(
√
gn¯) +∇i
(
n¯vi
)
= 0, (123)
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which is the continuity equation in curved space. By linearizing the equation of
motion (123) in the absence of background gauge fields (Aν = ων = 0) one finds
the low-momentum dispersion relation of the Goldstone field to be
ω2 = c2sp
2, (124)
where the speed of sound cs ≡
√
∂P/∂n¯ is evaluated in the ground state.
The Hall viscosity can be easily computed from the expansion of the effective
action, it contains a term proportional to the spin connection
S ⊃
∫
dtd2x
√
g s¯n¯ωt. (125)
This takes the same form as the Wen-Zee term in the Hall fluid (100) with the
density n¯ substituting the magnetic field. From here we can read directly the Hall
viscosity in the chiral/anyon superfluid
ηH =
1
2
s¯n¯. (126)
The calculation of the stress tensor in the linear response approximation in Ref. 53
shows that this is the full contribution at tree-level, there are no corrections from
the fluctuations of the Goldstone modes. New parity-breaking terms do appear at
non-zero momentum. The relation between the Hall conductivity and viscosity holds
(79), but contrary to the Hall viscosity, the Hall conductivity is produced by the
propagation of the Goldstone modes:
σH =
s¯n¯
2
q2
ω2 − c2sq2
. (127)
5.4. Topological insulators with torsion
As we saw in § 3.1, when a massive Dirac fermion is coupled to a vielbein, there
is a response in the canonical energy-momentum tensor that takes a form similar
to the Hall viscosity. A local generating functional can be computed by integrating
out the massive fermion in the presence of background sources. To leading order in
derivatives, the resulting functional takes the form of a Chern-Simons term for the
vielbeins9,10
Stors =
ζH
2
∫
d3x ηABǫ
µνλe Aµ Dνe Bλ . (128)
Where the covariant derivative is defined with the spin connection
Dµe Aν = ∂µe Aν − ωAµ Be Bν . (129)
There are no other terms at first order in derivatives, other than the usual Chern-
Simons term for a gauge field. At higher order there are many more terms, including
a Chern-Simons for the spin connection, that produce other interesting effects. We
will not comment of those, a thorough analysis can be found in Ref. 10.
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The Chern-Simons functional (128) is invariant under all the symmetries, but
for the ordinary spin connection it will be exactly zero unless there is a non-zero
torsion Γσ[µν] = T
σ
µν , since
D[µe Aν] = −T σµνe Aσ . (130)
Alternatively, one can treat the vielbein and the spin connection as independent
fields. In this case the torsion can be zero or non-zero.
An interesting analogy with the Hall effect is the appearance of edge currents.
The vielbeins can be treated as a collection of gauge fields for translations, charged
under the Lorentz group (see e.g. section 4.5 in Ref. 40 and section 6 of Ref. 10).
The gauge transformation associated to translations is
δe Aµ = −DµαA. (131)
When the curvature associated to the spin connection vanishes, the torsion is in-
variant under this transformation and the vielbeins can be treated effectively as
Abelian gauge fields.
A gauge transformation will induce anomalous terms at the boundaries of space:e
δαSbound = −ζH
2
∮
d2xαAǫ
mnTAmn. (132)
Where m,n = 0, 1 are the indices after doing the pullback to the boundary. These
terms can be interpreted as chiral anomalies of the associated consistent currents
DmJAmcons =
ζH
2
ǫmnTAmn. (133)
One can then follow Callan-Harvey anomaly inflow argument54 to argue that in
order to recover the right anomaly there must be edge currents. The reason is that
the consistent current does not capture the total transfer of ‘charge’ (energy and
momentum) between the bulk and the boundaries. The flow is determined instead
by the covariant current
JAmcov = ζHǫ
mne An . (134)
Both currents differ by a local term that cannot be obtained from the variation of
a local functional.
There are other interesting effects but, as we commented in §3.1, there is no Hall
viscosity term in the symmetric energy-momentum tensor. The canonical energy-
momentum tensor is computed by taking a variation with respect to the vielbein
holding the spin connection fixed.
T µcan A =
1
|e|
δStors
δe Aµ
= ζHηABε
µνλDνe Bλ . (135)
eHad we considered diffeomorphism rather than local translation invariance the Ward identity for
the current would be modified by terms proportional to the torsion, in such a way that there are
no anomalous contributions to the diffeomorphism Ward identity.10
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On the other hand, the spin current is computed by taking the variation with respect
to the spin connection
SµAB =
δStors
δωABµ
= −ζH
2
ηACηBDǫ
µνλe Cν e
D
λ . (136)
Expanding around ωABµ = 0, e
A
µ = δ
A
µ +
1
2h
A
µ ,
T µcan A =
ζH
2
ǫµνλ∂νhAλ, (137)
SµAB = −
ζH
2
(ǫµνBhAν − ǫµνAhBν). (138)
As we explained in § 3.1, the combination of the canonical energy-momentum tensor
and the divergence of the spin current in the symmetric energy-momentum tensor
cancels out.
5.5. Dissipationless hydrodynamics
We will now discuss gapless systems, in particular fluids with broken parity. We do
not expect in this case the Hall viscosity to be quantized in general. For instance,
in a classical magnetized plasma the Hall viscosity at high temperatures has the
form4
ηH =
T n¯
2ωc
. (139)
A similarly looking formula can be derived for the torsional Hall viscosity of a
relativistic plasma with a background vorticity Ω55
ζH =
ε+ p
Ω
. (140)
As we saw in §2, the Hall viscosity is non-dissipative. Therefore, in order to study
it we can focus on non-dissipative hydrodynamics. In the effective theories of non-
relativistic systems we were able to obtain the Hall viscosity directly from local
terms depending on the sources in the effective action. In a fluid there are gap-
less degrees of freedom, so the generating functional is non-local for general time-
dependent configurations. However, since equal-time correlators in field theory decay
exponentially at finite temperature, a local generating functional exists for static
configurations at thermal equilibrium (assuming there are no other dynamical de-
grees of freedom such as Goldstone bosons). Unfortunately this method cannot be
applied since the Hall viscosity is proportional to the time derivative of the metric
and the shear tensor and vanishes at thermal equilibrium.56,57f
A different approach to describe non-dissipative effects is to construct an effec-
tive action where the hydrodynamic degrees of freedom are captured by Goldstone
fAn explicit computation of the generating functional in a system with free massive fermions was
made in Ref. 58.
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bosons of the broken space symmetries.59g In a d+1 charged fluid there are d fields
φI(t,x) that are the comoving coordinates of the fluid element in the physical space
x. The theory is invariant under volume-preserving diffeomorphisms
φI → ξI(φ), det
(
∂ξ
∂φ
)
= 1. (141)
If the theory is not a superfluid, a “chemical shift” invariance is also imposed
ψ → ψ + f(φ). (142)
This theory possess an exactly conserved current ∇µJµ = 0
Jµ =
1
d!
ǫµα1···αdǫI1···Id∂α1φ
I1 · · ·∂αdφId . (143)
In Ref. 61 the neutral version of the theory (no ψ field) is used for a time reversal
breaking fluid at zero temperature. The conserved current is identified with the
number density of fluid elements, and the velocity of the fluid is taken to be in the
direction of the number current
uµ =
1
b
Jµ, b ≡√−JµJµ. (144)
In 2+1 dimensions, the effective diffeomorphism-invariant action takes the form
S = −
∫
d3x
√−gε (b) . (145)
Where ε is the energy density of the fluid. To first order in derivatives the only
possible term one can add to this action is parity-odd
Sodd =
∫
d3x f (b) ǫµνλJµ∂νJλ. (146)
In the presence of this term, the angular momentum density is non-zero
ℓ = −2f(b)b2. (147)
The stress tensor T ij obtained as a variation from the metric contains parity odd
terms, but not a Hall viscosity. However, it is possible to improve the energy-
momentum tensor in the non-relativistic limit if the angular momentum density
is proportional to the number density, with some constant factor λH
ℓ = λHb. (148)
This assumption implies that the ‘spin’ density is conserved. After the improvement,
there is a Hall viscosity term with
ηH =
1
2
λHb =
1
2
ℓ. (149)
This relation agrees with the adiabatic calculation (35).
gA review of effective theory descriptions of hydrodynamics is Ref. 60.
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For fluids at finite temperature one can follow a similar approach, but the ‘num-
ber density’ has to be identified with the entropy density62
s = b =
√−JµJµ. (150)
The velocity is then aligned along the entropy current, for this reason the effective
action is said to give hydrodynamics in the entropy frame. For a charged fluid one
also defines the chemical potential
µ = uα(∂αψ −Aα). (151)
The action is a function of both the entropy density and the chemical potential
S =
∫
d3x
√−gG(b, µ). (152)
The energy density and pressure are related to the thermodynamic potential G
through a Legendre transform
ε = µ
∂G
∂µ
−G, p = s∂G
∂s
−G. (153)
The analysis of the Hall viscosity has been made for neutral63 and charged33 fluids.
Consistently with the derivation in the zero temperature fluid, it was found that
the energy-momentum tensor obtained from the effective action does not contain a
Hall viscosity term. The Hall viscosity is absent even if torsion is allowed, the spin
current cancels possible contributions in the canonical energy-momentum tensor in
the same way as for massive Dirac fermions.
The analysis was made under the assumption that Hall viscosity should be
obtained from a local term in the action. More recently, it has been shown in
Ref. 72 that the Hall viscosity can be obtained from a Wess-Zumino-Witten term
constructed with the unimodular induced metric
GIJ = s−1∂µφ
I∂µφJ , (154)
and the volume form ǫIJ . The WZW term then takes the form
SWZW = f
∫
d3x du
√−gsTr (ǫ∂uGG−1uµ∂µG) . (155)
Where u is a coordinate that interpolates between the trivial metric at u = 0
GIJ = δIJ to the physical metric GIJ (φ) at u = 1. The value of the Hall viscosity
is proportional to the entropy density
ηH = 2fs, (156)
where for a neutral fluid f is a fixed number and for a charged fluid it can also
depend on the charge density n, f = f(n/s).
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5.6. Hall viscosity in gauge/gravity duals
There has been a considerable effort to apply the methods of gauge/gravity duals,
aka holography, to condensed matter systems, see Refs. 64, 65, 66 for reviews of the
topic.
The gauge/gravity duality is a conjecture that maps observables of a strongly
coupled field theory to fields in a classical gravitational theory in higher dimensions.
If the field theory lives in D dimensions and is conformal, the dual geometry is anti-
de Sitter AdSD+1 space.
h AdSD+1 can be foliated in flat D-dimensional surfaces
sitting at fixed values of a radial coordinate. In a convenient choice of coordinates,
the metric of AdSD+1 has the form
ds2 =
dr2
r2
+ r2ηµνdx
µdxν . (157)
The xµ directions are identified with the dual field theory. The isometry
r→ λr, xµ → xµ/λ, (158)
shows that the radial coordinate is related to changes of scale in the dual theory.
Heuristically, as r → ∞ the geometry describes short wavelength dynamics, while
as r → 0 it describes long wavelengths. The generalization to other systems without
conformal invariance involves changing the geometry. In particular, systems at finite
temperature are described by black holes, with the Hawking temperature of the
black hole equal to the temperature of the field theory. The metric (157) is then
modified, and in particular there is an event horizon at a finite value of r.
Global symmetries in the field theory become local symmetries in the gravity
dual. For instance the U(1) particle number current in the field theory is described
by a gauge field AM (M = r, 0, · · · , d) in the gravity dual. Spacetime symmetries
become diffeomorphisms, and the energy-momentum tensor of the field theory is
described by the metric gMN in the gravity dual. Anomalies of global currents can
also be described in the gravity dual, they are simply related by descent equations.
For instance, a chiral anomaly in a two-dimensional field theory will be manifested
in the gravity dual as a Chern-Simons term in the action of the gauge field
Sanom ∝
∫
d3x ǫMNPAM∂NAP . (159)
In odd dimensions topological effects like the anomalous Hall conductivity map to
topological terms in the bulk like the Pontryagin density
SHall ∝
∫
d4x ǫMNPQFMNFPQ. (160)
hAnti-de Sitter is the maximally symmetric space with a negative cosmological constant Λ.
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5.7. Holographic models with an axion
A non-zero Hall viscosity has also been computed in a class of gauge/gravity models,
starting with the original work Ref. 41, and extended in Refs. 67, 68, 69. In these
models gravity is coupled to an axion field ϕ
S =
1
16πG4
∫
d4x
√−g
(
R− 2Λ− 1
2
∂Mϕ∂
Mϕ− V (ϕ) + λ
4
ϕǫMNPQRABMNR
B
APQ
)
.
(161)
In this action R is the Ricci scalar of the metric and RABMN is the Riemann tensor.
G4 is the Newton’s constant in four dimensions.
For an appropriate potential the solution to the equations of motion for the
scalar field has a non-trivial profile depending on the radial coordinate ϕ(r). In the
field theory parity is broken by the expectation value of a pseudoscalar operator,
although is some cases there is also explicit breaking. Physical solutions with a
non-trivial scalar profile exist at finite temperature. The metric asymptotes (157)
when r → ∞, but it deviates from AdS4 for smaller values of r and there is an
event horizon. This model can be extended to describe a charged system by adding
a gauge field with Maxwell’s action and a possible coupling to the axion.
Correlation functions of the energy-momentum tensor can be computed in the
gravity dual from classical fluctuations of the metric and the scalar around the
background solution. The equations of motion are derived from the action (161)
and expanded in the black hole geometry to linear order. The result of this calcu-
lation is that the Hall viscosity is determined by the scalar at the horizon and the
temperature
ηH
s
∝ λTϕ′(rH) ∝ dV
dϕ
∣∣∣∣
r=rH
, (162)
where s is the entropy density. The last relation implies that a massless scalar (dual
to a marginal operator) cannot give rise to a Hall viscosity. There are however
interesting effects at higher order in derivatives70 and there can be a spontaneous
generation of angular momentum and edge currents.71
5.8. Holographic p-wave model
A different kind of model that also exhibits a non-zero Hall viscosity was recently
constructed in Ref. 73. The action is Einstein gravity coupled to a SU(2) gauge
field.
S =
1
16πG4
∫
d4x
√−g
(
R− 2Λ− 1
4
F aMNF
aMN
)
. (163)
Where the SU(2) color index takes values a = 1, 2, 3. In the dual field theory there is
a SU(2) global symmetry with a conserved current Jaµ . When a chemical potential
µ3 is introduced, the global symmetry is broken to U(1)3. Lorentz symmetry is
also broken to the group of spatial rotations SO(2)V by the chemical potential
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and the temperature. Using the gravity model, one can show that at low enough
temperatures there is a phase where the spatial components of the current acquire
an expectation value
〈J ai 〉 = ∆δai , i, a = 1, 2. (164)
This breaks spontaneously the global symmetries to a diagonal U(1): SO(2)V ×
U(1)3 → U(1)D, so it can be seen as a holographic model for a p-wave superfluid.
Note that the structure constants of SU(2) form the Levi-Civita symbol ǫabc. The
breaking of parity necessary to have a Hall viscosity then occurs naturally through
the linking of SU(2) and spacetime indices, with a = 3 identified with the time
direction. On the gravity side this is achieved by a background gauge field with
profile
Aa = Φ(r)δa3 dx
0 +A(r)δai dx
i. (165)
As in the axion models, the Hall viscosity is computed using the fluctuations of the
metric in the gravity dual.
An interesting property is that when a boundary in the space directions is in-
troduced, there is an edge current carrying momentum. This can be understood as
a consequence of having a non-vanishing angular momentum density ℓ. Although
there is no exact analytic result, it was observed that the value of the Hall viscosity
and the angular momentum density obey approximately the same relation as in
condensed matter systems, even at zero temperature
ηH ≈ ℓ
2
. (166)
6. Summary and outlook
The existence of a quantized Hall viscosity (in units of the density) in Galilean
invariant systems has a very solid theoretical foundation, from calculations in both
microscopic and effective theories. Read’s formula for the Hall viscosity4,5 is valid
for known examples with translation invariance
ηH =
1
2
s¯n¯, (167)
where s¯ is the orbital angular momentum per particle and n¯ the density. In Hall
fluids Kohn’s theorem relates the static Hall viscosity and conductivity at non-zero
momentum6,7
σH =
n¯
mωc
+
q2
2(mωc)2
[
ηH −m2ωc∂2Bε(B)
]
+O(q4). (168)
Where ωc = B/m is the cyclotron frequency, m the mass of the particles and ε is
the energy density. One could use this relation to measure the Hall viscosity using
inhomogeneous electric fields. Another proposal to measure Hall viscosity is through
scattering of X-rays with phonons in topological insulators.8
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The situation in relativistic systems is much less developed. At zero temperature,
the only class of examples considered so far are massive Dirac fermions. Although
time reversal and parity are broken, the Hall viscosity is zero. There is however
another transport coefficient, the torsional Hall viscosity ζH found by Hughes, Leigh
and Fradkin9,10 which is closely related
ζH =
m2
2π
1− sign(m)
2
. (169)
It is not inconceivable that more complicated models with interactions or at finite
density allow for a non-zero Hall viscosity, since it is not zero at finite temperature
in the axionic gauge/gravity axionic model proposed by Son and Saremi41 and also
at zero temperature in the p-wave model73.
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